We consider the mathematical model of dynamic antimicrobial action against bacterial biofilms. A mixture model is used in which the biofilm consisting of live and dead bacteria is modeled as one fluid component, while the solvent contain-ing biocide is modeled as the other, and each component is represented by its volume fraction. The whole system is assumed to be an incompressible fluid and the veloc-ity is governed by the Navier-Stokes equation. Biocide kills the live bacteria and its transport is governed by an advectionreaction-diffusion equation. Certain biocide also weakens the mechanical cohesiveness of the biofilm and results in biofilm re-moval under the shear stress of the external flow. Spatial and temporal patterns of antimicrobial action of three different biocides are considered and numerical simula-tion results by finite difference method are presented.
Introduction
Biofilms are complex three-dimensional communities attached to a surface where bacterial cells are embedded in a matrix mainly composed of extracellular poly-meric substances (EPS) (Costerton et al. 1995) . Biofilms have profound impact on industrial productivity and competitiveness. Their pervasive effects on water quality, power generation, energy efficiency, human and animal health, and product quality could be extremely costly to industry and harmful to health. For example, bacterial biofilms cause severe problems in medical science including dental plaque (Gibbons and van Houte 1980) , contaminated endoscopes and contact lenses (Schein et al.
an unbound fluorophore loaded into the cytoplasm of bacterial cells. All biocides but glutaraldehyde caused loss of membrane integrity and, therefore, killed the bacterial cells, and among those three only chlorine caused some removal of biomass from the biofilm. The experiment in Davison et al. (2010) involves a flow of Reynolds number around 20. We remark that "biocide" and "antimicrobial agent" are used interchangeably throughout the paper. In this paper, we extend the previous mixture biofilm model developed by Zhang et al. (2008b) to qualitatively capture the experimental results in Davison et al. (2010) . Efforts are made to build a mathematical model which is suitable for characterizing the biocide effect on biofilm under moderate or fast flow conditions (Reynolds number is not so small) and incorporates the effect of the biocide on the mechanical property of the biofilm. In this model, Navier-Stokes equation is used to describe the flow and the transport of biocide is mainly through convection outside the biofilm and through diffusion inside the biofilm. The killing effectiveness of the biocides is determined by many factors and here we focus on the penetration of the biocides into the biofilm through diffusion and their reaction with the biofilm. The effective diffusivity of the biocide in the biofilm is treated as a function of the biofilm volume fraction. The weakening of the mechanical property of the biofilm caused by chlorine is modeled by making the effective viscosity of the biofilm a function of both the chlorine concentration and the duration of the treatment by chlorine.
The paper is organized as follows. First, we develop the model describing the transport and reaction of the biofilm and the biocide, and the interaction between the biofilm and the external flow. Then we give a brief description of the numerical method used to simulate the model as well as the parameter values used in the computation. Finally, we present some 2D numerical results on the action of different biocides against biofilms and the comparison with the experimental results in Davison et al. (2010) .
Model Description

Overview
The experimental setup in Davison et al. (2010) is as follows. S. epidermidis biofilms were grown in a glass capillary biofilm reactor with inside diameter 0.9 mm under continuous flow for 24 hours. There were three subsequent phases of staining and observation: stain, rinse, and treat. In the first phase, the biofilm was statically stained with Calcein-AM (CAM) for 1 hour. In the second phase, the biofilm was rinsed by pumping sterile phosphate-buffered saline (PBS) to remove excess CAM substrate and allow the intracellular fluorescence to stabilize. In the third phase, an antimicrobial agent was pumped through the capillary at the flow rate of 1 ml min −1 for 1 hour and the spatiotemporal patterns of loss of fluorescence were observed with the confocal scanning laser microscope (CSLM).
In this paper, we focus on the modeling of the third phase of the experiment (the treatment by biocide) and assume the growth of the biofilm during this phase is negligible. The no growth assumption is appropriate since there is no substrate available during the disinfection phase after rinsing and the time scale (1 hour) is sufficient fast comparing to the typical time scale (days) for the growth of a biofilm. On the other hand, the time scale of the disinfection phase of the experiment is sufficiently slow comparing to the relaxation time of biofilm (on the order of seconds), and biofilm can in fact be well approximated as a viscous fluid (Shaw et al. 2004 ) with viscosity much larger than that of the solvent. In our model, we assume the biofilm consists of live and dead bacteria cells, and the extracellular polymeric substance (EPS) of the biofilm is not modeled explicitly. The biocide is dissolved in the solvent and is brought into the biofilm-occupied region by the external flow with a constant biocide concentration. Biocide penetrates the biofilm mainly by diffusion, and the diffusion coefficients of the biocides are often largely reduced in the biofilm probably due to sorption and/or reaction of the biocide in the biofilm. As a consequence, the killing effectiveness of the biocide is largely retarded in the biofilm. However, experimental results from Davison et al. (2010) show exception such as nisin, whose killing effectiveness in the biofilm was not reduced as much as other biocides, and the explanation in Davison et al. (2010) is that nisin is not neutralized or bounded by the cells or matrix of the biofilm. Chlorine was the only antimicrobial agent that caused removal of biomass from the biofilm. The video from the experiment (supplemental material of Davison et al. 2010) showed that the surface layer of the biofilm was fluidized by chlorine and behaved as a viscous fluid. When the liquefied biomass reached the downstream edge of the biofilm, it could be stripped from the biofilm and carried away by the flow.
Governing Equations
Following Zhang et al. (2008b) , we adopt the mixture model in describing the biocide action against biofilm in a two-dimensional rectangular domain. One fluid component is the biomaterial which consists of live and dead bacteria cells with volume fraction φ bl and φ bd respectively, and the total biomaterial volume fraction is φ b = φ bl + φ bd . The other fluid component is the solvent with volume fraction φ s which contains the dissolved biocide. Due to the constraint φ s + φ b = φ s + φ bl + φ bd = 1, only two volume fractions φ bl and φ bd need to be computed. We remark that φ s , φ bl, and φ bd are dimensionless since they are volume fractions, and average quantities (density, viscosity) using them as weight still have the their original units. These two components are modeled as viscous fluids with different viscosities, and the whole system is assumed to be an incompressible fluid whose average velocity v is governed by the Navier-Stokes equation. The antimicrobial agent concentration is denoted by d.
The reaction-diffusion-advection equations for d, φ bl , and φ bd are The decay rate of the live bacteria cells (φ bl ) due to the biocide action is also modeled by Monod kinetics with maximum decay rate K 2 and Monod half-saturation coefficient K d , and is proportional to φ bl . The growth rate of the dead bacteria cells (φ bd ) is exactly the negative of the decay rate of φ bl , reflecting that live bacteria are converted to dead bacteria due to biocide action. We remark that many antimicrobial agents are most effective at killing respiring bacteria (Costerton et al. 1995) , and the decay rate of live bacteria generally will depend on the nutrient concentration as well. However, we do not include this factor in our model since the biofilm was rinsed and there was no nutrient in the antimicrobial agent treatment phase in the experiment described above. This factor can be readily accounted for by introducing a new variable for the nutrient concentration which is governed by an equation similar to that of d, and modifying the reaction terms for φ bl and φ bd accordingly. For the intermixing of the small molecule solvent with the large molecule biofilm, we adopt the extended Flory-Huggins chemical free energy density f from Doi (1995) defined by
which consists of mixing energy, transitional energy and mixing entropy components. Here, k B is the Boltzmann constant and T is temperature, Γ 1 and Γ 2 are the distortional and bulk mixing energy strength, respectively, N is the generalized polymerization parameter of the biofilm, and χ is the Flory-Huggins mixing parameter. The variation of f with respect to φ b (known as the chemical potential) is given by
We assume the mixing properties of the live and dead bacteria cells with the solvent are the same, thus f is a function of the total biomaterial volume fraction φ b only. , where Λ is the biomaterial mobility parameter. Detailed discussion of the parameters in (4) as well as the mobility parameter Λ can be found in Zhang et al. (2008a Zhang et al. ( , 2008b . These extra parameters do not play an important role in the results presented here. We note that the governing equation of the total biomaterial φ b is obtained by adding (2) and (3), namely, The whole system is modeled as an incompressible fluid, and its velocity v and pressure p are determined by the following modified Navier-Stokes equations
where ν b , ν s are viscosities of the untreated biomaterial and solvent, and ρ b , ρ s are their respective densities. We approximate the biomaterial component as a viscous fluid with viscosity much larger than that of the solvent (ν b ν s ). Note that for sufficiently slow flow time scales (as is the case here), biofilm can in fact be well approximated as a viscous fluid (Shaw et al. 2004 ). The effective viscosity ν of the whole system depends on the viscosity and volume fraction of each component of the fluid (biomaterial and solvent), and also on the biocide concentration if the biocide (such as chlorine) weakens the mechanical property of the biofilm. The additional stress terms (the ones with f dependence) are forces arising from the chemical free energy; see Zhang et al. (2008b) , Zhang and Klapper (2010) .
Effective Diffusion Coefficient of Biocide and Reaction with Biofilm
The diffusivity of chemical species in biofilms could vary from 10 to 90 percent of the corresponding value in water (Characklis and Marshall 1990) , depending on the types of chemical species and biofilms. In Davison et al. (2010) , the biofilm diffusive penetration time t 50 , which is the time required for the biocide concentration at the center of the biofilm to reach 50% of its value in the bulk fluid after the onset of biocide exposure, in the absence of reaction, was estimated for all biocides used in the experiment. Here, the formula t 50 = 0.139R 2 /D e (see Davison et al. 2010; Stewart 2003) was used, where the typical biofilm cluster radius R was taken as 150 μm, and the effective diffusion coefficient D e in the biofilm was taken as 50% of the value in water for chlorine and 30% of the value in water for the other agents. Results shown in Table 1 indicate that t 50 for all biocides are in the order of seconds, and 
nisin has the largest t 50 value since it has the largest molecular weight and smallest diffusion coefficient in water. However, the experimentally measured value of T 50B , which is the time required for the fluorescence intensity at the center of a biofilm cluster to fall to one-half of its initial value after the onset of biocide exposure, was generally much larger than t 50 and in the order of minutes, as shown in Table 2 . This large discrepancy suggests that sorption or reaction of biocide in the biofilm retards its penetration process. In our model equation (1)- (3), the killing rate of live bacteria cells is proportional to the biocide concentration, and the transport of biocide in biofilm is mainly due to diffusion (the advection effect is small in the biofilm since the flow velocity in the biofilm is very small due to its large viscosity). Therefore, the effective diffusion coefficient in the biofilm D e in (1) should account for both the diffusive penetration and action time of the biocide, and is modeled as follows. We adopt the model of D e by Hinson and Kocher (1996) inspired by biofilm kinetics which has been fit to experimental data. In this model,
where φ s ,φ b andφ n are the volume fractions of solvent, bacteria and EPS polymer network. We note that in the above formula for D e , the bacteria and EPS are treated as separate components of the biofilm, and the volume fraction of the total biomaterial is φ b =φ b +φ n . Since our model does not account for EPS explicitly, we assumeφ n = 0.6φ b andφ b = 0.4φ b in our computation. Here, D pr is an empirical parameter that must be fit by experimental observation, and D pr = 0.02 is used in our computation following (Hinson and Kocher 1996) . Table 3 gives the dependence of D e on φ b according to (7). We note as the biofilm volume fraction φ b increases from 0 to 0.4, the effective diffusivity D e drops from its default value D 0 d to about 6 percent of D 0 d . We note that nisin has the smallest difference between t 50 = 55 seconds and t 50B ≈ 4 minutes. Results in Davison et al. (2010) show that nisin (molecular weight [MW] , 3,354) accessed the interior of biofilm cell clusters faster than the smaller QAC (MW, 357) and chlorine (MW, 50), and killed bacteria uniformly from all parts of the biofilm. Quicker penetration for the larger agent is exactly opposite of what intuition suggests and is explained in Davison et al. (2010) as follows. It underscores the importance of the reactivity of the biocide in the biofilm in controlling its penetration, and the fast penetration of nisin indicates that it is not neutralized by the cells or matrix of the biofilm. In contrast, both QAC and chlorine must react with or be absorbed into the biofilm, interactions that retard the penetration. In our model, this fact is characterized by using a much smaller value of K 1 (the decay rate of the biocide due to reaction with the biofilm) for nisin than that for QAC and chlorine.
Effective Viscosity of the Biomaterial
In our model, the biofilm is treated as a viscous fluid and its mechanical strength is characterized by its viscosity. The effective viscosity ν of the whole system (including biomaterial and solvent) is modeled as follows. If the biocide does not weaken the mechanical property of the biofilm (such as QAC and nisin), then ν is the volume average of the viscosity of the untreated biomaterial ν b and that of the solvent ν s (ν b ν s ), namely,
If the biocide weakens the mechanic property of the biofilm (such as chlorine), then
where
Here, η is defined as the integral of the biocide concentration over time and normalized by the product of some reference concentrationd and reference time scaleT , and it is a dimensionless quantity describing the accumulation of biocide over time which accounts for the time effect of biocide treatment. Equation (9) 
Numerical Methods
The governing equations (1)- (3) and (5)- (6) are nondimensionalized by using the scalingsx . The time step size is Δt = 0.5Δx which satisfies the CFL condition since the dimensionless velocity has a maximum value 1. Computations are checked by comparison with results from doubling of the spatial resolution to ensure that the grid is adequately fine. Below is a brief description of the solution process and details about the numerical scheme can be found in Lindley et al. (2011 ), Zhang et al. (2008b . For a generic function g(x, t), its numerical approximation at time t n = nΔt is denoted by g n and its second order extrapolation in time is denoted byḡ n+1 = 2g n − g n−1 . After numerical solutions of all unknown functions at time t n are obtained, iteration to the next time step t n+1 goes in three steps as follows. In step one, the coupled continuity equation (5) and momentum transport equation (6) are solved by a velocity-corrected projection scheme (Guermond et al. 2006 ) to obtain the new velocity v n+1 . We note that (6) depends on the bacteria volume fractions through both the effective viscosity and the chemical free energy stress term. Since their values at t n+1 are unknown at the moment, the corresponding extrapolated values are used. In step two, the advectionreaction-diffusion equations (2) the advection-reaction-diffusion equation (1) for biocide concentration d is solved using the same numerical scheme as in step two, and the new value d n+1 is obtained. We note the solvent volume fraction at t n+1 is known after step two by φ n+1
bd , thus d n+1 is the only unknown in (1). The resulting system of algebraic equations are solved by a GMRES iterative method (Saad and Schultz 1986) .
Important parameter values used in simulations are listed in Table 4 . The parameters in the chemical free energy density f are taken from Zhang et al. (2008b) , and the aqueous diffusion coefficients of different biocides are taken from Davison et al. (2010) . The density of the biofilm is assumed to be the same as the solvent, while the viscosity of the untreated biofilm is taken to be 5000 times that of the solvent (experiments in Davison et al. 2010 show that the biomass velocity was of order 1 μm/s, and the average bulk fluid velocity was 2 cm/s.) Due to the lack of experimentally measured results, heuristic values of the parameters in the Monod kinetic reaction between the biocide and bacteria, as well as the reference biocide concentrationd and time scaleT for the weakening of the biofilm, are taken such that the numerical simulation with these values qualitatively matches the experimental data. We remark that the biocide Monod half-saturation constant d 0 = 1 × 10 −3 kg m −3 is the same as the value used in Chambless et al. (2006) , while the maximum biocide consumption rate for QAC and chlorine K 1 = 2 × 10 −4 kg m −3 s −1 is about 36 times bigger than that of the value used in Chambless et al. (2006) (5.5 × 10 −6 kg m −3 s−1). On the other hand, the simulation in Chambless et al. (2006) was done for 50 hours comparing to 1 hour in our case, thus the difference in the value of K 1 is reasonable.
Results and Discussion
We consider a two-dimensional system with a square domain of size 1 mm by 1 mm (corresponding to the cross section of the glass capillary in the experimental setup in Davison et al. 2010) . The initial condition is a semicircular biofilm colony consisting of only live bacteria with radius R = 0.3 mm and volume fraction φ bl = 0.4 attached to the bottom of the domain. An external driven flow (parabolic inflow with maximum velocity 2 cm/s and Reynolds number approximately 20) carrying dissolved biocide enters the domain from the left boundary and leaves the domain from the right boundary. The velocity at the top and bottom boundaries is zero. In (1)- (3), noflux boundary conditions are assumed for the bottom and top boundaries, Dirichlet boundary conditions are assumed for the left boundary, and outflow boundary conditions (Ol'shanskii and Staroverov 2000) are assumed for the right boundary. The simulation is run for a time period of 60 minutes, corresponding to the experiment time in Davison et al. (2010) . The length and time scales used in the nondimensionalization are h 0 = 10 −3 m and t 0 = 5 × 10 −2 s, thus the associated velocity scale is h 0 /t 0 = 0.02 m/s and the dimensionless velocityṽ = 1 corresponding to dimensional velocity v = 0.02 m/s, which is the bulk flow velocity in Davison et al. (2010) . We remark that in the subsequent figures, numerical results are plotted with dimensionless spatial variables and dimensional temporal variable.
Three bacteria-killing biocides, chlorine, QAC and nisin, are considered in the simulation. The concentration is 50 mg/l for each biocide, with an additional case of 10 mg/l for chlorine (corresponding to the experiments in Davison et al. 2010) . The difference between different biocides is characterized by their effective diffusion coefficient in the biofilm D e , their effect on the effective viscosity of the biofilm ν, and their maximum consumption rate K 1 due to reaction with the biofilm. For all biocides, D e is calculated according to the formula given in (7), whose value is significantly reduced within the biofilm where φ b > 0 comparing to the diffusion coefficient D 0 in the bulk fluid. To model the fact that nisin penetrated the biofilm faster than all other biocides and killed the bacteria uniformly from all parts of the biofilm despite its smallest diffusion coefficient in water, we use a much smaller value of K 1 (2 × 10 −7 ) than that for chlorine and QAC (2 × 10 −4 ). For nisin and QAC, the effective viscosity ν is calculated as the simple volume average given in (8), and for chlorine, ν is calculated by formula given in (9). In summary, in our model, nisin penetrates the biofilm relatively fast despite its smaller diffusion coefficient because its consumption rate due to the reaction with the biofilm is very slow; the penetration of chlorine and QAC are retarded by both the reduced diffusivity D e and a much faster (comparing to nisin) consumption rate due to the reaction with the biofilm; QAC and nisin do not weaken the mechanical property of the biofilm but chlorine does. We quantify the killing effects of biocides in our model by the two quantities introduced in Sect. 2.3: t 50 as the time required for a biocide to attain 50% of its bulk fluid concentration at the center of the semicircular biofilm through diffusion in the absence of reaction or sorption; T 50B as the combined penetration and action time required for the live bacteria volume fraction φ bl at the center of the semicircular biofilm to fall to 50% of its original value. We consider the biofilm with radius R = 0.3 mm and volume fraction φ b = 0.4, and t 50 is calculated by the formula
. T 50B is extracted from the numerical simulation as the time when the value φ bl at the center of the biofilm approximately drops to 0.2. Table 5 gives the value of t 50 (in seconds) and T 50B (in minutes). The interpretation of these results is given below along with the explanation of Figs. 1-4 and also in comparison with the experimental results in Davison et al. (2010) shown in Table 2 . Figures 1-4 are the contour plots of live bacteria volume fraction φ bl (left column) and dead bacteria volume fraction φ bd (right column) at various time, under the treatment of 10 mg/l chlorine, 50 mg/l chlorine, 50 ml/l QAC and 50 mg/l nisin, respectively. These figures show the spatial and temporal patterns of antimicrobial action in the biofilm. Figure 1 shows the contour plots of φ bl and φ bd at t = 0, 20, 40, 60 min under the treatment of 10 mg/l chlorine. At t = 0, the biofilm consists of live bacteria only. As time goes by, chlorine penetrates the biofilm through diffusion, and its antimicrobial action is localized around the periphery of the biofilm and migrates steadily inward. The live bacteria are killed in a stratified pattern, and the ones at the center of the biofilm survive for the longest time because the biocide reaches there last; see Figs. 1(a), (c) , (e), (g). At t = 60 min, the value of φ bl is of order 10 −7 which indicates that all live bacteria are virtually killed. The dead bacteria as shown by Figs. 1(b) , (d), (f), (h). Furthermore, the effective viscosity ν for biofilm treated by chlorine is calculated by (9), in which the viscosity of the dead bacteria eventually approaches to that of the solvent ν s . Namely, the dead bacteria are liquefied and hence vulnerable to removal by shear forces from the surrounding bulk flow. We observe that at t = 20 min, the dead bacteria is tilted slightly toward the downstream direction, showing the effect of shear stress from the bulk flow. But the deformation is small indicating that the dead bacteria still hold most of their mechanical strength. At t = 40 min, with longer treatment of chlorine, the dead bacteria in the outer region of the biofilm are fully liquefied, stripped from the biofilm, and carried away by the bulk flow (leaves the computation domain at the right boundary). The removal of biofilm caused by chlorine is mainly in the form of erosion. At t = 60 min, more than 60% Table 5 shows that the estimated diffusive penetration time in the absence of reaction t 50 = 11 s is much shorter than the combined diffusion and reaction time T 50B = 48 min extracted from the numerical simulation. This qualitatively agrees with the experimental results from Davison et al. (2010) where t 50 = 3 s and T 50B = 46 ± 33 min and indicates that formula (7) describes the diffusion of chlorine in the biofilm appropriately. The discrepancy in t 50 is mainly due to that the radius R is 0.3 mm in our estimate and 0.15 mm in Davison et al. (2010) . The discrepancy in T 50B is also expected since the experimental value is obtained by averaging results of several runs, and the size of the biofilm clusters in experiment generally differs from the value used in our numerical simulation. We remark that in our model the live bacteria maintain their original viscosity ν b , therefore, their deformation is very small within the simulation time (60 min) due to the large viscosity (ν b ν s ). Figure 2 shows the contour plots of φ bl and φ bd at t = 0, 10, 15, 20 min under the treatment of 50 mg/l chlorine. The pattern of killing of live bacteria and removal of biofilm are similar to those of 10 mg/l chlorine treatment, except it happens in a faster pace due to the higher concentration of chlorine. We observe φ bl is of order 10 −5 at t = 15 min and almost all biofilm are removed at t = 20 min. Again, the numerical simulation gives t 50 = 11 s and T 50B = 11 min which agree qualitatively with the experimental values t 50 = 3 s and T 50B = 21 ± 16 min. Figure 3 shows the contour plots of φ bl and φ bd at t = 0, 20, 40, 60 min under the treatment of 50 mg/l QAC. The antimicrobial action is again localized around the periphery of the biofilm and migrates steadily inward. Since the dead bacteria maintain their original viscosity ν b , the biofilm is only stretched slightly toward the downstream direction, and no removal of biofilm occurs. The maximum value of φ bl at t = 60 min is still around its initial value 0.4, which indicates that the killing rate of live bacteria by 50 mg/l QAC is even slower than that of 10 mg/l chlorine. This slower killing rate could be explained by two reasons. First, the aqueous diffusion coefficient of QAC (0.427 × 10 −9 m 2 s −1 ) is about 4.5 times smaller than that of chlorine (1.9 × 10 −9 m 2 s −1 ); second, the dead bacteria in the outer region are not removed and protect the live bacteria inside against biocide action by reducing its effective diffusivity D e in the biofilm according to formula (7). For QAC, the numer- Figure 4 shows the contour plots of φ bl and φ bd at t = 0, 5, 10, 20 min under the treatment of 50 mg/l nisin. Since the value of K 1 for nisin (2 × 10 −7 ) is much smaller than that for chlorine and QAC (2 × 10 −4 ), nisin is almost not consumed as it penetrates the biofilm. As a result, nisin is among the fastest killing biocides (comparable to 50 mg/l chlorine, and much faster than 50 mg/l QAC and 10 mg/l chlorine), and it kills the bacteria almost uniformly from all parts of the biofilm, despite its smallest aqueous diffusion coefficient (0.19 × 10 −9 m 2 s −1 ) among all biocides considered. φ bl is of order 10 −3 at t = 20 min. Also, due to its uniform killing effect in the biofilm, the action of nisin is not as sharply stratified as in the cases of chlorine and QAC, and the interface between live and dead bacteria is more smeared out. Furthermore, the discrepancy between t 50 = 110 s and T 50B = 8 min for nisin is much smaller than that of chlorine and QAC, which agree qualitatively with the experimental values t 50 = 55 s and T 50B = 4 ± 1 min. To aid the interpretation of the numerical results, Fig. 5 gives the plots of relative live bacteria intensity versus time at three different regions in the biofilm for all biocide treatments. The initial semicircular biofilm with radius R = 0.3 mm is divided into three regions consisting of the periphery Ω p (2/3R ≤ r ≤ R), the medial region Ω m (1/3R ≤ r < 2/3R) and the center Ω c (r < 2/3R) where r is the distance from the center of the biofilm. Each plot corresponds to a particular biocide treatment, where the horizontal axis is time in minutes, and the vertical axis is the integral of φ bl in a particular region divided by its initial value in the same region. Namely, the three plotted functions are
We observe that the antimicrobial action of each biocide is localized around the periphery and migrates steadily inward. 50 mg/l nisin has the fastest killing rate, fol- lowed by 50 mg/l chlorine, 10 mg/l chlorine and 50 mg/l QAC, in decreasing order, which is consistent with results from Figs. 1-4. We remark that since the live bacteria maintain their original viscosity ν b and their deformation due to shear forces from the bulk flow is very small within the simulation time, the convection of φ bl is negligible and the change of φ bl in each of the three regions is mainly due to the effect of biocide. Therefore, quantities defined in (12) appropriately describes the antimicrobial action of the biocides. Figure 6 shows the corresponding experimental results from Davison et al. (2010) where the relative intensity plotted on the y axis is the fluorescence intensity at a particular region of the biofilm divided by the initial intensity in that same region. Shown are measurements made near the periphery of the cell cluster (black symbols), a medial location of the cell cluster (open symbols), and the center of the cell cluster (gray symbols). We can see our numerical simulation agrees qualitatively with the experimental results. Figure 7 (a) gives the plot of total bacteria (live and dead) left in the computation domain Ω normalized by its initial value versus time under the treatment of chlorine. Namely, the function plotted is
We observe under 10 mg/l chlorine, about 68% biofilm is removed after 60 min, and under 50 mg/l chlorine, the biofilm is almost completely removed after 30 min. Figure 7(b) shows the corresponding experimental results from Davison et al. (2010) where erosion of biofilm clusters, as indicated by reduction in cluster area, during treatment with PBS (control), 10 mg/l chlorine, or 50 mg/l chlorine is given. Different curves in Fig. 7(b) correspond to different runs of the experiment. We again see our numerical simulation agrees qualitatively with one of the experimental runs. The cases for QAC and nisin are not shown since they do not cause biofilm removal. 
Conclusion
We have applied a mixture model to study the antimicrobial action of biocide against biofilm. By incorporating appropriate formula for the effective diffusion coefficient of the biocide in the biofilm and effective viscosity of the biofilm, as well as different consumption rates for different biocides, the model describes the effect of the biocide on both killing the bacteria and weakening its mechanical property. The NavierStokes equation is used to model the flow, and removal of the biofilm due to the shear stress of the bulk flow is captured. The numerical simulation of our model produces results that qualitatively agree with available experimental data. Among the three biocides considered, nisin is perhaps the most effective one in terms of killing effect, but chlorine is the only biocide which weakens the biofilm's mechanical properties and subsequently causes biofilm removal under bulk flow. These results reinforce the distinction between killing bacteria in the biofilm and biofilm removal, and chlorine is a better choice if biofilm removal is the ultimate goal. Our model provides a framework for modeling experiments of biocide action against biofilms where both viability reduction and the hydraulic contribution to the removal of biofilm weakened by reaction with biocide are important. Furthermore, by adding a new variable for nutrient concentration and modifying the reaction kinetics accordingly, the model can be extended to describe processes where both biofilm growth and disinfection are important.
